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UNRAMIFIED EXTENSIONS OVER LOW DEGREE NUMBER
FIELDS
JOACHIM KO¨NIG, DANNY NEFTIN, AND JACK SONN
Abstract. For various nonsolvable groups G, we prove the existence of ex-
tensions of the rationals Q with Galois group G and inertia groups of order
dividing ge(G), where ge(G) is the smallest exponent of a generating set for G.
For these groups G, this gives the existence of number fields of degree ge(G)
with an unramified G-extension. The existence of such extensions over Q for all
finite groups would imply that, for every finite group G, there exists a quadratic
number field admitting an unramified G-extension, as was recently conjectured.
We also provide further evidence for the existence of such extensions for all finite
groups, by proving their existence when Q is replaced with a function field k(t)
where k is an ample field.
1. Introduction
The (e´tale) fundamental group of (the spectrum of) the ring of integers of a num-
ber field is a central object in number theory, in particular since its abelianization,
the class group of K, is closely related to many classical problems in number the-
ory. The distribution of (p-parts of) class groups over imaginary quadratic fields
has been extensively studied, and is expected to be uniform by the Cohen–Lenstra
heuristics. These heuristics were recently generalized to pro-p groups by Boston–
Bush–Hajir [5], to pro-odd groups by Boston–Wood [6] and to finite groups by
Wood [20]. Very little is known in the nonabelian case concerning the mere exis-
tence of such extensions, that is concerning:
Question 1. Does every finite group appear as a Galois group of an unramified
extension of some quadratic number field?
On the other hand, It is well known that every finite group G appears as a
Galois group of an unramified extension over some number field. This is obtained
by realizing G as a Galois group of a tame (tamely ramified) extension L0/K over
some number field, and finding a (not necessarily Galois) number field M which
is disjoint from L0 and satisfies: “for every prime P of M , the ramification index
of P over its restriction p to K is divisible by the ramification index of p in L0”.
Abhyankar’s lemma then implies that L := L0M is an unramified extension of M
with Gal(L/M) ∼= G. Moreover, the resulting extension L/M is tamely defined
Key words and phrases. Galois theory; unramified extensions; bounded ramification; special-
ization of Galois covers.
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over K, that is, there is a tame Galois extension L0/K such that L0 ⊗K M ∼= L.
This is a common method for generating unramified extensions, e.g. used in [15],
[18], [9], [14], [24]. In fact, since the Inverse Galois Problem is known for many
groups G, we restrict our consideration to such groups and hence choose K = Q.
One benefit of this approach is that it gives infinitely many number fields M
admitting an unramified G-extension with [M : Q] = d, where d is the lcm of all
ramification indices in L0/Q. In fact, a positive density of all number fields of the
form M = Q( d
√
N) will automatically have this property.
Since the inertia groups of L0/Q generate G, the degree of such a number field
M cannot be smaller than the exponent of a generating tuple S for G. Running
over all generating tuples S, we call the minimal exponent of a generating set, the
generator exponent of G and denote:
ge(G) := min
S
lcm{ord(x) | x ∈ S},
where S ranges over all generating subsets of G. Abhyankar’s lemma then implies
that if M admits an unramified extension L/M which is tamely defined over Q,
then [M : Q] ≥ ge(G).
In fact, it is unknown whether the minimal degree e(Q, G), of a number field K
admitting an unramified G-extension defined over Q by a tame extension, equals
ge(G).
Question 2. Does e(Q, G) equal ge(G)? That is, are there infinitely many number
fields K of degree ge(G) admitting an unramified G-extension which is defined
over Q by a tame extension?
Since ge(G) = 2 holds for many groups including all nonabelian almost simple
groups, an affirmative answer supports the predictions concerning Question 1. In
fact, we note that an affirmative answer for all finite groups implies an affirma-
tive answer to Question 1 for every G, by Remark 3. Moreover, for groups G
with ge(G) = 2, Abhyankar’s lemma in fact yields that a positive proportion of
quadratic number fields admit an unramified G-extension.
Well known cases in which e(Q, G) = ge(G) include symmetric, abelian groups
and dihedral groups, cf. Section 2. An affirmative answer follows for an extensive
class of p-groups from Kim [14]. Namely, [14] shows that every p-group G can be
realized as a tamely defined unramified extension over a number field M whose
degree is the exponent exp(G). Although the equality ge(G) = exp(G) does not
always hold (e.g. for G = Cp ≀ Cp), it holds for many p-groups such as the family
of regular p-groups, and in particular all p-groups with nilpotency class c ≤ p− 1,
see Remark 2.
In this paper we provide further support for the equality e(Q, G) = ge(G). First,
we consider nonsolvable groups: Proposition 4.5 proves the equality for the small
order nonabelian almost simple groups:
(1) A5, PSL2(7), PSL2(11),M11, PSL3(3), PGL2(7), PSp4(3).2, PSp6(2).
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We note that the main contribution here is the criteria, described below, which
gives this list of examples and can be applied to many other almost simple groups.
We then show that this family of realizations and the previously known realiza-
tions are closed under finite direct products, see Remark 7, and wreath products
with symmetric groups, see Proposition 4.6, giving an affirmative answer for in-
finite families such as ((Mk11 ≀ Sn1) ≀ Sn2 ≀ · · · ) ≀ Snr for arbitrary positive integers
k, r, n1, . . . , nr.
We provide further support in view of the analogy with function fields. In
similarity with Q, the rational function field k(x) has no k-regular unramified
extensions, and hence we analogously consider the minimal degree e(k(x), G) of
an extension M/k(x) admitting a k-regular unramified G-extension L/M , which
is defined over k(x). Here, we can consider ample fields k, due to their better
understood arithmetic, see [2],[26] for surveys. These include k = C((x)), which
due to its resemblance with a finite field is also known as a quasi-finite field, and
its function field k(x) resembles a global field. For ample k, we give an affirmative
answer to both questions for arbitrary finite groups G. Namely, e(k(x), G) =
ge(G) and G is the Galois group of an unramified k-regular extension L/M over
a quadratic extension M/k(x), see Section 3. We note that further support for
an affirmative answer follows from [20], which gives the desired extensions of k(x)
when k is a sufficiently large finite field and ge(G) = 2. Moreover, such results are
expected in cases where ge(G) > 2 as well, in view of [8], cf. Remark 4.
Our main tool for constructing extensions L0/Q with nonabelian almost simple
Galois group and given inertia groups over Q is specialization of regular extensions
of L/Q(t) via Beckmann’s theorem. We note that with different applications in
mind, approaches similar to ours are developed in [1], [4], [23, Prop. 2.5 and
2.6]. Beckmann’s theorem allows reading the inertia groups of specializations from
geometric inertia groups, except at a finite set S of “bad” primes. It is then possible
to force the completion of L0/Q at primes in S to be unramified, except in the so
called “universally ramified primes” U(L/Q(t)). Our main criteria, assert under
various conditions that U(L/Q(t)) is the empty set. Namely, Theorem 4.4 gives
completely group theoretic conditions on the inertia groups of L/Q(t)) under which
U(L/Q(t)) = ∅. These conditions are easily verified in order to obtain the last
three groups in (1). Similar conditions (Remark 5) are used on known realizations
to obtain M11, PSL2(11) and PSL3(3). Finally, A5 and PSL2(7) are obtained by
testing known polynomials.
Acknowledgement: We thank Brandon Alberts, Nigel Boston, and Kwang–
Seob Kim for valuable background information. This research was supported by
the Israel Science Foundation (grant No. 577/15).
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2. A reduction and first examples
Reduction. Let K be a number field and G a finite group. Denote by e(K,G) the
smallest degree [M : K] of an overfield M which admits an unramified G-extension
which is defined over K by a tame G-extension.
Lemma 2.1. The number e = e(K,G) coincides with the minimal number e′ =
e′(K,G) such that K admits a tamely ramified G-extension with all inertia groups
of order dividing e′. In particular, e(Q, G) ≥ ge(G).
This relies on the well known Abhyankar lemma:
Lemma 2.2. Let L1, L2/K be two extensions and L1L2 their compositum. Let
p1, p2 be primes of L1, L2, resp., with the same restriction p to K, and P a prime
of L1L2 lying over both. Then e(P/p2) = e(p1/p)/ gcd(e(p1/p), e(p2/p)). In par-
ticular, e(P/p2) = 1 if e(p1/p) divides e(p2/p).
Proof of Lemma 2.1. e′ ≤ e: Let L/K be a G-extension with inertia groups of
order dividing e′ over the primes p1, . . . , pr. Let vpi denote the normalized discrete
valuation with maximal ideal pi, for i = 1, . . . , r. For α ∈ K with vpi(α) = 1 for
i = 1, . . . , r, the extension K˜ = K( e
′
√
α) is of degree e′ and is totally ramified over
p1, . . . , pr [32, Proposition 3.4.2]. By further choosing α to be congruent to 1 at
primes whose Frobenius elements in L/K generate G, we may assume that K˜ is
disjoint from L/K. It now follows from Abhyankar’s Lemma that LK˜/K˜ is an
unramified G-extension.
Conversely, assume [M : K] = e, and let L/M be an unramified G-extension
defined over K by a tame G-extension L0/K. The lcm of ramification indices in
L0/K is at least e
′ by definition. Let p be a prime of K which ramifies in L0/K
with ramification index ep. Since every prime P of M lying over p is unramified in
L/M , Abhyankar’s lemma implies that ep divides the ramification index e(P/p).
It follows that the degree [M : K] is divisible by ep for every prime p of K, and
hence by e′, proving e ≥ e′.
In the case K = Q, the inertia groups of L0/Q generate G and hence
e(Q, G) = e′(Q, G) ≥ ge(G). 
Remark 1. Although Lemma 2.2 is stated over number fields, it holds similarly
when K is replaced by a function field k(x) over a field k of characteristic 0: In
this case, we define e(k(x), G) similarly to be the minimal degree [M : k(x)] of an
overfieldM admitting an unramified G-extension defined over k(x) by an extension
which additionally required to be k-regular. The invariant e′ := e′(k(x), G) is also
defined similarly as the minimal e′ such that k(x) admits a (tamely ramified) G-
extension with all inertia groups of order dividing e′, which is additionally required
to be k-regular. The proof applies similarly since Abhyankar’s lemma applies
to function fields [29, Theorem 3.9.1] of characteristic 0, and since k(x) has no
nontrivial unramified k-regular extensions.
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Basic examples. The most basic examples are those of symmetric, abelian, di-
hedral, and alternating groups over K = Q. It is known that there exist infinitely
many degree-n extensions ofQ with (Galois group Sn and) squarefree discriminant,
i.e. all inertia groups are generated by transpositions (cf. [13]). Thus, Lemma 2.1
implies that e(Q, Sn) = 2 for all n.
For finite abelian groups G, one has ge(G) = exp(G). Since the ramification in-
dices divide exp(G) in every tame G-extension, and cyclotomic fields give examples
for such extensions, it follows that e(Q, G) = ge(G).
Let n ≥ 3, and let Dn be the dihedral group of degree n and order 2n. It is well
known that there exist infinitely many quadratic number fields with an unramified
Cn-extension [33], and each such extension yields a Dn-extension L/Q with all
inertia groups of order 2. Thus. Lemma 2.1 gives e(Q, Dn) = ge(Dn) = 2.
Infinitely many tamely ramified extensions L/Q with alternating Galois group
An for n ≥ 3 with all inertia groups generated by 3-cycles are realized in [17] using
Mestre’s construction [21] and building on the specialization method in Section 4.3.
In particular this gives infinitely many cubic extensions K˜/Q such that K˜ possesses
an unramified An-extension. Note that the best possible bound e(Q, An) = 2 is
only known for small n. We note that previously, tamely ramified An-extensions
which are unramified over given finite sets S had only been given by Plans–Vila
[25].
Remark 2. Let p be a prime. By [14], for every p-group there exists a field M of
degree at most exp(G) and an unramified G-extension L/M which is defined by a
tame G-extension of Q. For regular p-groups G [12, Hauptsatz 10.5], the order of
the product g =
∏r
i=1 gi of elements gi ∈ G, i = 1, . . . , r, is at most the maximum
of the orders of gi, i = 1, . . . , r. Thus, g
ge(G) = 1 for every g ∈ G. Note that every
p-group of nilpotency class < p is regular [12, Paragraph III.10].
3. The function field case
3.1. Function fields and specializations - Setup. Let K be any field of char-
acteristic 0 and let E/K(t) be a K-regular G-extension. The extension E/K(t)
has finitely many branch points p1, ..., pr ∈ K∪{∞}, and associated to each branch
point pi is a unique conjugacy class Ci of G, corresponding to the automorphism
(t − pi)1/ei 7→ ζ(t− pi)1/ei of the Laurent series field K(((t− pi)1/ei)), where ei is
minimal such that E embeds into K(((t− pi)1/ei)), and ζ is a fixed primitive ei-th
root of unity.1 This ei is the ramification index at pi, and equals the order of ele-
ments in the class Ci. The class tuple (C1, ..., Cr) is called the ramification type of
L/K(t). Let Hr(G,C) denote the Hurwitz space of all G-covers with ramification
type C, cf. [31] where it is denoted by Hinr (C).
For each a ∈ K which is not a branch point of E/K(t), there is a unique residue
field extension of places of E extending the place t 7→ a (independent of the choice
1If pi =∞, one should replace t− pi by 1/t.
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of place, as all these residue fields are isomorphic, and Galois). We call this field
the specialization of E/K(t) at t 7→ a, and denote it by Ea/K.
3.2. Ample fields. Additional evidence for the above heuristics comes from the
function field case. There is no known example of a finite group G where e(Q, G) 6=
e(k(x), G). Moreover, e(k(x), G) = ge(G) for every ample field k, as shown in
Proposition 3.1 below. Recall that k is called ample if every geometrically integral
variety over k either has no k-point or a Zariski dense set of k-points.
Proposition 3.1. Let G be a nontrivial finite group and k be an ample field. Then
a) There exist infinitely many linearly disjoint k-regular G-extensions L0/k(x)
with ramification of order dividing ge(G). In particular e(k(x), G) = ge(G).
b) there exists infinitely many quadratic extensions M/k(x) admitting an un-
ramified G-extension L/M .
Proof. For part a) we construct extensions using the so called (1/2)-Riemann ex-
istence theorem: Let S = {x1, . . . , xr} be a set of generators of G, with each of
order dividing ge(G), and with the following property: For every x ∈ S, all gen-
erators of 〈x〉 are contained in S. The tuple T := (x1, x−11 , . . . , xr, x−1r ) then has
product 1 and generates G. Let C = (C1, C
−1
1 , . . . , C
−1
r ) denote the correspond-
ing ramification type, where Ci is the conjugacy class of xi. The (1/2)-Riemann
Existence Theorem of Pop (see [10, Theorem 4.3.3] and [27, Proposition 1.1])
ensures that the Hurwitz space H2r(G,C), of all G-covers of P1 with ramifica-
tion type C, has a k-rational point. Since k is ample this implies that the set
of k-rational points H2r(G,C)(k) is Zariski dense. Every k-rational point of the
Hurwitz space gives a G-extension L0/k(x) whose inertia groups are generated
by elements in Ci, i ∈ {1, . . . , r}. Since the set of such points is dense, we may
find infinitely many such extensions L0/k(x) with pairwise disjoint branch points,
and hence linearly disjoint, proving the first assertion. By Remark 1, we have
e(k(x), G) = e′(k(x), G) ≥ ge(G), and equality follows from the first assertion.
For b), let Γ := G ≀ C2 = (G × G) ⋊ C2 be the standard wreath product,
and let Gˆ be the subgroup of Γ generated by the set E of all elements of the
form (g, g−1) · a, with g ∈ G, and a the generator of C2. Since all elements of
E are involutions, the group Gˆ is by definition generated by involutions lying
outside of the subgroup G × G ≤ Γ. Applying Part a) to Gˆ with respect to the
generating set E, then yields the existence of infinitely many linearly disjoint k-
regular Gˆ-extensions F/k(x) with inertia groups generated by involutions in E.
Since every inertia group is of order 2, and is mapped isomorphically under the
natural projection Gˆ→ Gˆ/K ∼= C2, the extension F/FK is unramified with Galois
group K over the quadratic field M := FK . Since Gˆ contains all elements of the
form (g, g−1), g ∈ G, the natural projection onto the first coordinate is onto,
giving a subextension L/M with Galois group G. Since the fields F/k(x) are
chosen linearly disjoint, so are the fields M . 
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Remark 3. The proof of part b) shows that an affirmative answer to Question 2 for
all finite groups implies that every finite group G appears as a Galois group of an
unramified extension over infinitely many quadratic number fields. Indeed, such a
G-extension arises from a Gˆ-extension with inertia groups in E, where Gˆ ⊂ G ≀C2
and E are as in the proof.
Remark 4. Proposition 3.1 is expected to hold when k is replaced with a finite
field Fq for a sufficiently large prime power q if a similar description of connected
components of Hurwitz spaces to [8, Section 8] applies2. If q is sufficiently large,
and the corresponding Hurwitz space has an Fq-rational connected component, the
Lang–Weil estimates would show that this Hurwitz space has an Fq-rational point,
giving rise to a G-Galois covering of P1 over Fq with the desired ramification.
4. Specialization of regular Galois extensions
4.1. Ramification in specializations of regular Galois extensions. Through-
out this section let K be a number field. The following criterion relates the ram-
ification in regular Galois extensions to ramification in specializations. See also
Theorem I.10.10 in [19], which is closer to our version.
Let p be a finite prime of K, and a0 ∈ K be p-integral with minimal polynomial
f ∈ K[X ]. Define Ip(a, a0) as the multiplicity of p in the fractional ideal generated
by f(a). Obviously, Ip(a, a0) 6= 0 holds only for finitely many prime ideals p of K.
Theorem 4.1 (Beckmann, [3], Prop. 4.2). Let N/K(t) be a K-regular G-extension.
Assume that all branch points of N/K(t) are finite.3 Then with the exception of
finitely many primes, depending only on N/K(t), the following holds for every
prime p of K.
If a ∈ K is not a branch point of N/K(t) then the following condition is necessary
for p to be ramified in the specialization Na/K:
νi := Ip(a, ai) > 0 for some (automatically unique) branch point ai.
Indeed, the inertia group of a ramified prime extending p in the specialization Na/K
is then conjugate in G to 〈τ νi〉, where τ is a generator of an inertia subgroup over
the branch point t 7→ ai of K(t).
We adopt the following useful definition from [1].
Definition 4.1 (Universally ramified prime). Let N/K(t) be a K-regular Galois
extension. A finite prime ofK is called universally ramified forN/K(t) if it ramifies
in every specialization Na/K, where a ∈ K is not a branch point of N/K(t). The
set of universally ramified primes is denoted by U(N/K(t)).
2Unfortunately, the corresponding result in [7, Section 8.9] remains to be proved.
3This is assumed without loss of generality via a linear transformation in t, although the
theorem remains valid at infinity after a minor adaptation.
8 JOACHIM KO¨NIG, DANNY NEFTIN, AND JACK SONN
4.2. Hilbert irreducibility and weak approximation. The following is a well-
known consequence of Hilbert’s irreducibility theorem in combination with Kras-
ner’s lemma (cf. Prop. 2.1 in [23]):
Proposition 4.2. Let K be a number field, N/K(t) a K-regular G-extension, and
S a finite set of primes of K. Then there exist infinitely many a ∈ K such that
the specialization Na/K fulfills the following:
i) Gal(Na/K) ∼= G.
ii) Na/K is unramified at all primes in S0 := S \ U(N/K(t)).
Proof. Let p ∈ S0. By definition, there is then a specialization Nap/K (with ap ∈
K) whose completion at p is an unramified extension Fp/Kp. By Krasner’s lemma,
all a ∈ K which are sufficiently close p-adically to ap lead to the same completion.
This yields an open S0-adic neighborhood of specializations t 7→ a which fulfill
ii). Since an S0-adic neighborhood is known not to be thin [28, Proposition 3.5.3],
it follows that there are infinitely many such specializations t 7→ a which also
preserve the Galois group. 
4.3. General criteria. The following criterion constructs, from a K-regular G-
extensionN/K(t) with no universally ramified primes, infinitely manyG-extensions
with bounded ramification4, and hence infinitely many number fields of bounded
degree over K possessing unramified G-extensions.
Theorem 4.3. Let N/K(t) be a K-regular Galois extension with group G, let
(C1, ..., Cr) be its ramification type, and ei the order of elements in Ci (i = 1, ..., r).
Assume that U(N/K(t)) = ∅. Then for every finite set S of primes of K, there
exist infinitely many G-extensions F/K which are tamely ramified with all rami-
fication indices dividing some ei, i = 1, . . . , r, and unramified at S. In particular,
e(K,G) ≤ lcm{e1, ..., er}.
Proof. Enlarge S to contain the set of exceptional primes for N/K(t) in Theorem
4.1 and the set of prime divisors of |G|. By Prop. 4.2, there are infinitely many
a ∈ K such that Na/K has group G and is unramified at all primes p ∈ S. Then
Theorem 4.1 yields that all ramification indices in Na/K divide some ei. Tame
ramification follows since S contains the primes dividing |G|. The last assertion
follows from the first by Lemma 2.1. 
Remark 5. The ramification indices e1, . . . , er need not all occur in the specializa-
tions Na/K; determining which ones occur leads to intriguing number-theoretical
problems. However, an easy but useful special case should be noted: Assume that
one of the branch points of N/K(t), say the one corresponding to Cr, isK-rational.
Via linear transformations in t, we may assume that it is t 7→ ∞. Now the con-
structed extensions Na/K only require a to be p-adically close to certain prescribed
4If in addition N/K(t) has a totally real specialization, the same proof shows that these
G-extensions can also be chosen totally real.
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values for all p ∈ S. One can therefore without loss choose a to be q-integral for
all primes q /∈ S (i.e. Iq(a,∞) := Iq(1/a, 0) ≤ 0). So by Beckmann’s theorem (and
the assumption that S contains all the bad primes of N/K(t)), all primes ramified
in Na/K have ramification index dividing some ei with i ∈ {1, ..., r − 1}.
In light of Theorem 4.3, we search for criteria which ensure U(N/K(t)) = ∅.
Most obviously, this happens if the Galois extension N/K(t) possesses a trivial
specialization, i.e. a non-branch point a ∈ K such that Na = K 5. However,
without extending the base field the condition of a trivial specialization is usually
difficult to ensure.
The following theorem gives another scenario in which we can eliminate univer-
sally ramified primes. Its assertion, together with Theorem 4.3, yields in particular
that e(K,G) ≤ ge(G) for the given number field K.
For I ≤ G, let CG(I) and NG(I) denote the centralizer and normalizer of I in
G, respectively. Let µe denote the e-th roots of unity.
Theorem 4.4. Let N/K(t) be a K-regular G-extension with ramification type
(C1, . . . , Cr), let Ii be the cyclic group generated by an element of Ci and ei its
order, for i = 1, . . . , r. Assume e1 and e2 are the only indices not dividing ge(G),
assume gcd(e1, e2) = 1, and assume CG(Ii) = Ii, i = 1, 2.
Then there exists a K-regular G-extension N ′/K(t) with all inertia groups of order
dividing ge(G) and with U(N ′/K(t)) = ∅.
Proof. Let t1, t2 be the branch points corresponding to C1 and C2, respectively.
Since by assumption, the classes C1 and C2 are both the only ones of their respec-
tive element order, the branch cycle argument (e.g. [31], 2.8) implies that t1, t2 are
K-rational. After applying a fractional linear transformation in t, we can assume
without loss of generality that t1, t2 are 0 and ∞, respectively.
It is well known that the conjugation action of the decomposition group Di at
ti on Ii factors through the action of Gal(K(µei)/K) on Ii
∼= µei, i = 1, 2. Since
the latter action is faithful and the kernel of the action of Di is CDi(Ii) = Ii, we
get that the Galois group Di/Ii of the residue extension at pi is isomorphic to
Gal(K(µei)/K). Since the residue extension Nti at ti contains µei, we deduce that
Nti = K(µei) for i = 1, 2.
Since e1 and e2 are coprime by assumption, it follows that no finite prime of
K ramifies in both residue extensions Nti/K, i = 1, 2. We would ideally like to
conclude from this the non-existence of universally ramified primes for N/K(t).
Note however that t1 and t2 are branch points. The further task is therefore
to create a different regular G-extension, unramified at 0 and ∞, whilst keeping
control over the residue extensions at these points. This will be achieved by a
suitable pullback, i.e., compositum ofN with a rational function fieldK(v) ⊃ K(t).
5This has an obvious generalization to the case where Na/K is unramified. We are however
mostly interested in K = Q, where the trivial extension is the only unramified one.
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For the sake of transparency, we do this pullback in two separate steps, killing
ramification at 0 and at ∞ respectively.
First step: It follows from the previous that the completion Nˆ0 of N/K(t) at 0
is K(µe1)((
e1
√
αt)) for α ∈ K(µe1). Note that as α is of integral p-adic valuation in
K(µe1) for every p dividing e2 (since p does not ramify in the cyclotomic extension
K(µe1)/K), there exists α˜ ∈ K such that α/α˜ is of p-adic valuation 0 for all p
dividing e2. Then the extension K(µe1,
e1
√
α/α˜)/K is unramified at all such p.
Take a root u of Xe1 − α˜t over K(t), and consider the extension N(u)/K(u).
We claim that N(u)/K(u) is a K-regular G-extension with residue extensions
K(µe1,
e1
√
α/α˜)/K and K(µe2)/K over 0 and ∞ respectively. To prove the claim,
note that since ∞ has ramification index e2 in N and e1 in K(u), the extensions
N/K(t) and K(u)/K(t) are linearly disjoint over K, and hence N(u)/K(u) is a
K-regular G-extension. Moreover, since e1 and e2 are coprime, every place of N
over ∞ is totally ramified in N(u)/N , hence the residue field of N(u)/K(u) at
∞ is N∞ = K(µe2). By Abhyankar’s lemma N(u)/K(u) is unramified over 0.
Moreover, since Nˆ0 ∼= K(µe1)(( e1
√
αt)), the compositum Nˆ0 ·K((u)) is isomorphic
to the field
K((
e1
√
α˜t))(µe1,
e1
√
αt) = K(µe1,
e1
√
α/α˜)((u)).
Hence the residue field of N(u) at 0 is K(µe1 ,
e1
√
α/α˜), proving the claim.
Second step: Let q be the product of the ramified primes in K(µe1 ,
e1
√
α/α˜)/K.
As in the first step, the completion of N(u)/K(u) at ∞ is K(µe2)(( e2
√
β/u)) for
some β ∈ K(µe2). Since q is coprime to e2, there exists β˜ ∈ K with the same
p-adic valuation as β for all p dividing q. Let v be a root of Xe2 − β˜/u and con-
sider the extension N(v)/K(v). As in the above argument, the residue extensions
of N(v)/K(v) at 0 and ∞ are K(µe1 , e1
√
α/α˜)/K and K(µe2,
e2
√
β/β˜)/K, respec-
tively. Since 0 and ∞ are unramified in N(v), since the primes p not dividing q
are unramified in K(µe1,
e1
√
α/α˜), and since the primes dividing q are unramified
in K(µe2,
e2
√
β/β˜), the set U(N(v)/K(v)) is empty.
Since N(v)/K(v) is a K-regular G-extension with all inertia groups of order
dividing ge(G), the assertion follows.

The advantage of the above theorem is that it does not require a concrete poly-
nomial to determine the set of universally ramified primes, but rather depends
only on group-theoretical data (the Galois group and ramification type of the
extension).
4.4. Examples. We exhibit several examples of almost simple groups G which
are realizable infinitely often over Q with all ramification indices dividing ge(G).
Note that the set of examples could easily be enlarged. Our selection intends to
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demonstrate the criteria exhibited in Theorem 4.3, Remark 5, Theorem 4.4, and
also includes the smallest sporadic simple group, the Mathieu group M11.
Proposition 4.5. Let G be M11 or one of the groups A5, PSL2(7), PSL2(11),
PGL2(7), PSL3(3), PSp4(3).2, PSp6(2). For every finite set S ⊂ P of prime num-
bers, there are infinitely many tamely ramified G-extensions of Q unramified at S
and with all inertia groups of order 2. In particular, there exist infinitely many
quadratic extensions K/Q, unramified at S, such that K possesses an everywhere
unramified G-extension.
Proof. We prove the first assertion, and the second follows from the first by ap-
plying Lemma 2.1. The cases PGL2(7), PSp4(3).2, PSp6(2) are consequences of
the criterion in Theorem 4.4. We verify that the theorem applies purely group-
theoretically using Magma: The group PGL2(7) has a rationally rigid triple C of
conjugacy classes of element orders 2, 6, and 7 respectively.6 Thus by the rigid-
ity criterion, cf. e.g. [19, Theorem I.4.8], there exists a G-extension N/Q(t) with
ramification type C. The normalizer of an element of order 6 in PGL2(7) is the
dihedral group D6 of order 12, and for order 7, it is Z/7Z ⋊ Z/6Z. Therefore
the assumptions of Theorem 4.4 are fulfilled. Similarly, the group PSp4(3).2 has
a rationally rigid triple of classes of element orders (2, 8, 9), and the classes of
elements of order 8 and 9 respectively fulfill the required assumptions. Finally,
the simple group PSp6(2) has a rationally rigid triple of classes of element orders
(2, 7, 9), and the classes of elements of order 7 and 9 respectively fulfill the required
assumptions.
In the cases G =M11, PSL2(11) or A5, we claim that there exists a regular G-
extension with all but one ramification index equal to 2, and no universally ramified
primes. Applying Theorem 4.3 together with Remark 5 then yields G-extensions
of Q with all inertia groups of order 2.
The polynomial f(t, X) given in [16, Thm. 1] has regular Galois group M11
over Q(t) and ramification type (2A, 2A, 3A, 5A) (with the last two branch points
equal to ∞ and 0). Take N/Q(u) to be the splitting field of f(2u3, X). As in
the proof of Theorem 4.4, this is a translation of a G-extension of Q(t) where
t = 2u3, by the extension Q(u)/Q(t) which is totally ramified, and hence N/Q(u)
is a Q-regularM11-extension. By Abhyankar’s lemma its ramification type is there-
fore (2A, 2A, 2A, 2A, 2A, 2A, 5A). To verify that there are no universally ramified
primes, note that the root field of f(2 · (9/5)3, X) has prime power discriminant
455139614, and 45513961 is not a universally ramified prime either, as it is un-
ramified in the splitting field of f(2, X). For G = PSL2(11), the appendix of [19]
6Recall that a conjugacy class is called rational, if its elements x are conjugate to all powers co-
prime to the element order, or equivalently, if NG(〈x〉) projects onto Aut(〈x〉) via its conjugation
action on 〈x〉. A class tuple is then called rational if all occurring classes are rational.
12 JOACHIM KO¨NIG, DANNY NEFTIN, AND JACK SONN
gives a G-extension, given by the polynomial
f(t, X) = X11 − 3X10 + 7X9 − 25X8 + 46X7 − 36X6 + 60X4
−121X3 + 140X2 − 95X + 27 + tX2(X − 1)3.
Hence the corresponding cover P1 → P1 is given by the rational function
x 7→ x
11 − 3x10 + 7x9 − 25x8 + 46x7 − 36x6 + 60x4 − 121x3 + 140x2 − 95x+ 27
x2(x− 1)3 .
Its ramification is easily computed by finding the order of the roots of the deriva-
tives, and is given by the tuple (2A, 2A, 2A, 6A). Specializing t 7→ 1 and t 7→ 2,
gives residue extensions with coprime discriminant. For G = A5, a regular G-
extension with ramification type (2A, 2A, 2A, 3A) and without universally ramified
primes is given (via a polynomial f(0, v, x)) in [18, Theorem 3.1].
In the case G = PSL2(7), an extension of Q(t) with all inertia groups of order
2 and without universally ramified primes is deduced from [18, Proof of Theorem
3.2] by specializing some of the parameters. Finally, a PSL3(3)-extension of Q(t)
with all inertia groups of order 2 is given in [18, Lemma 3.4]. Specializing that
polynomial at t 7→ 1 and t 7→ 3 gives extensions with coprime discriminant.

Remark 6. As can be seen in the proof of Proposition 4.5, successful application
of Theorem 4.4 for a group G requires two ingredients: first, the existence of two
rational conjugacy classes C1 and C2 with trivial centralizers and coprime element
orders; and secondly, a regular Galois realization with group G (e.g., using the
rigidity criterion or a braid genus criterion as in [19, Theorem III.7.8]) whose
ramification type contains only classes of involutions apart from C1 and C2. It is
worth pointing out that the first condition is fulfilled for all alternating groups An,
with a few small exceptions. In particular, for n ≥ 7 odd, the classes C1 of cycle
structure (n−2.1.1) and C2 of cycle structure (n−3.2.1) are easily verified to fulfill
the assumptions. To apply Theorem 4.4, it would then suffice to show the existence
of a rational point on any one of infinitely many Hurwitz spaces of An-covers with
ramification type (C1, ..., Cr), where C3,..., Cr are classes of involutions in An and
r ≥ 3 is arbitrary. Such existence results for all n have at least been obtained in
certain comparable situations, cf. e.g. [11]. This gives hope that e(Q, An) = 2 can
be shown in general with our methods.
4.5. Basic operations. We generate further classes of examples via suitable
group extensions. We first remark that the above constructions are closed un-
der finite direct products.
Remark 7. Let G, H be finite groups, and K be a number field. Assume there
exists a tameH-extension L1/K with ramification indices dividing ge(H) and infin-
itely many pairwise linearly disjoint tame G-extensions with ramificiation dividing
ge(G). Then by picking one of the above G-extensions L2/K which is linearly dis-
joint from L1, the extension L1L2/K has Galois group G×H and its inertia groups
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are of order dividing lcm(ge(G), ge(H)). Since ge(G×H) = lcm(ge(G), ge(H)) this
gives e(Q, G×H) = ge(G×H).
Next we show that for groups G with ge(G) = 2 as in Proposition 4.5, one can
realize any iterated wreath product ((G ≀Sn1) ≀ · · · ≀Snr−1) ≀Snr with ramification of
order 2. Here H ≀Sn := Hn⋊Sn is the wreath product with respect to the natural
action of Sn on {1, . . . , n}.
Proposition 4.6. Let K be a number field, G be a finite group and n ∈ N. Suppose
G is realizable over K(t) with at most one branch point of ramification index > 2,
and with no universally ramified primes. Then the same is true for G ≀ Sn. In
particular, e(Q, G ≀ Sn) = 2.
Proof. Let N/K(t) be such a G-extension and denote by B its set of branch points.
By Hilbert’s irreducibility theorem there exists a tuple α = (α1, . . . , αn) ∈ AnK
of points outside B, such that the residue extensions Nαi/K, i = 1, ..., n, are
linearly disjoint G-extensions. For a tuple b = (b1, . . . , bn) of variables, consider
the polynomial
fα,b(u, T ) = (T − α1) · · · (T − αn)− u(T − b1) · · · (T − bn) ∈ K[b1, . . . , bn, u, T ].
For each value β = (β1, . . . , βn) ∈ AnK of b, let uβ =
∏n
i=1(t−αi)∏n
i=1(t−βi)
∈ K(t). By Gauss’s
lemma, fα,β(uβ, T ) is the minimal polynomial for t over K(uβ).
We claim that there are infinitely many values β = (β1, . . . , βn) ∈ (AK \B)n for
b such that:
(1) all inertia groups of the splitting field Ω1 of fα,β(uβ, T ) ∈ K(uβ)[T ] are
generated by transpositions;
(2) no branch point of N/K(t) lies over a branch point of K(t)/K(uβ);
(3) the set of ramified primes in Nβj/K is disjoint from that of Nαi/K for all
i, j ∈ {1, . . . , n}.
The remaining proof is then divided into two parts.
First part: Assuming the claim, we prove the theorem. Fix β fulfilling (1), (2)
and (3), and let Ω be the Galois closure of N/K(uβ). We show that Ω/K(uβ) is a
Galois extension with all except at most one ramification index of order 2, with no
universally ramified primes, and such that Gal(Ω/K(uβ)) ∼= G ≀ Sn. The theorem
then follows from Theorem 4.3 and Remark 5.
To show that all except at most one of the ramification indices are 2, note
that the branch points of Ω/K(uβ) are either branch points of K(t)/K(uβ) or
the restrictions of branch points of N/K(t) to K(uβ). By conditions (1) and (2),
every branch point of K(t)/K(uβ) is of ramification index 2 and is unramified in
N/K(t). Thus, as Ω is the compositum of conjugates of N/K(uβ), Abhyankar’s
lemma implies that each branch point of K(t)/K(uβ) has ramification index 2 in
Ω. By assumption all except at most one branch point of N/K(t) have inertia
group of order 2, and by condition (2) they are unramified in K(t)/K(uβ). Thus
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the restriction of any such place to K(uβ) has ramification index 2 in N/K(uβ),
and in Ω/K(uβ) as well, by Abhyankar’s lemma.
To show that there are no universally ramified primes, note that since the places
t 7→ αi, i = 1, . . . , n are unramified in N/K(t) and their restriction to K(uβ) is
uβ 7→ 0, the residue extension of Ω/K(uβ) over uβ 7→ 0 is the compositum of Nαi ,
i = 1, . . . , n. Similarly, its residue extension over ∞ is the compositum of Nβj ,
j = 1, . . . , n. By condition (3), the sets of primes ramifying in the two composita
are disjoint, showing U(Ω/K(uβ)) = ∅.
Finally, since the group Gal(Ω1/K(uβ)) is a transitive subgroup of Sn which is
generated by transpositions by condition (1), it is isomorphic to Sn. We deduce
a natural embedding of the Galois group Gal(Ω/K(uβ)) into G ≀ Sn, projecting
onto Sn. By the choice of α1, ..., αn, the group Gal(Ω/K(uβ)) has a subgroup
isomorphic to the kernel Gn of that projection, namely the decomposition group
at uβ 7→ 0. This shows Gal(Ω/K(uβ)) = G ≀ Sn.
Second part: proving the claim. We show that the set of β ∈ (AK\B)n satisfying
the first and second condition is Zariski open, and those satisfying the third are
R-adically open, where R is the set of all primes ramified in at least one of the
residue extensions Nαi/K, i = 1, . . . , n. Since an R-adically open subset is Zariski
dense, its intersection with the two non-empty Zariski open subsets is Zariski dense
and hence infinite, which would prove the claim.
For the first condition, note that the discriminant ∆α,b(u) of fα,b(u, T ) with
respect to T is a polynomial in u whose coefficients are rational functions in the
bi’s. It is even square free
7, whence the discriminant ∆ of the polynomial ∆α,b(u)
with respect to u is a nonzero rational function in b. Thus the condition ∆ 6= 0 is
a Zariski open condition on the set of β ∈ (AK \ B)n. In other words, fα,β(u, T )
has square free discriminant for a Zariski open set of values β. But a square free
polynomial discriminant implies a square free relative discriminant of the extension
K(t)/K(uβ), meaning that all inertia groups are generated by transpositions, as
desired.
For the second condition, note that the place t 7→ ti of K(t) extends the place
uβ 7→ uβ(ti) in K(uβ). Therefore, to ensure that ti ∈ B does not lie over a branch
point of K(t)/K(uβ), it is sufficient to have ∆α,β(uβ(ti)) 6= 0. This condition is
Zariski open, as desired.
For the third condition, note that as U(N/K(t)) = ∅, Proposition 4.2 (and its
proof) with S taken to be R gives an R-adically open set of values β such that
Nβi is unramified in R for all i = 1, . . . , n, proving the claim. 
7Indeed, for all u 7→ u0 ∈ K\{0}, the polynomial fα,b(u0, T ), viewed over the ring of symmetric
functions of the bi, is a generic degree-n polynomial, and therefore well-known to have square
free discriminant.
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